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Background

Partially Observable MDP (POMDP)

aPOMDP S — (28 X R, ()" X O
=anMDP (0: § XA —» D§,;rew : S XA = R, ()
+ an observationmapobs : § — O

Prob./ Rew.

Objective: max Z Pr(p) - Rew(p)
* pePath (s)

maximal expected reward
b,1/2 under observation-based schedulers

r: OX(AXO0)* = A.

= LFP of the Bellman operator
if it is fully observable
a,b,1/0 a,b,1/0



Background

Belief Construction
POMDP belief MDP
S > (DSXR,)A X O DS - (DS X R, )

MaxERew(POMDP) = MaxERew(belief MDP)
= LFP of the Bellman operator
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Background

Belief Construction
POMDP belief MDP
S > (DSXR,)A X O DS - (DS X R, )

‘ What is the general principle
behind belief construction?

a, % / ; £

b,l/Oa,l/l
! ,%/O b,%/
() (1)

a,b,1/0 a,b,1/0 a,b,1/0 a,b,1/0

Can it be used beyond probability?

MaxERew(POMDP) = MaxERew(belief MDP)
= LFP of the Bellman operator
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Our Contribution

Coalgebraic Belief Construction

A generic belief construction for partially observable systems

partially observable FT-coalgebra belief coalgebra
i c=(5,0bs) Bel
I—)S )FTSXO — I_>Bobs_>FTBobsX0
where F: one-step behaviour where B, .: space of
T branching type (observation-consistent) belief states

Technical ingredients:
Coalgebraic determinization [SilvaBBR,LMCS'13]  \We lift monad T: C — C

Belief decompositiona: Td = TdT, toT: C/0 - C/O
which generalises conditioning by observations




Our Contribution

Correctness of the construction

partially observable coalgebra pggJ belief coalgebra
0,0b

1558 prgx o ~ [ B, — FT(By) X O
observation-based observation-based

semantics semantics

Correctness thm.
V¥ . — Q V= [ — Q)
I,C Bel(i,c) °

under suitable assumptions
H under some

conditions
MaxERew of POMDP

k
MaxERew of belief MDP VBelfO(i,c)

(fully observable ver.)



Our contribution

Instances beyond Probability | Nondeterminism

PO nondeterministic transition systems

T:=P,0F = +{V/})

c:8 = (PS+ (VX0 B Bps = (P 1g(Boys) + (V1)

So S )

—s S Lty ;;{g .Y
b l.], o‘l,
v/ v v

It preserves an existence of an observation-based scheduler making every
path eventually reach v'.



Our contribution

Instances beyond Probability | Weights

New belief construction

PO weighted transition systems
T =R, F:=(_X [RZO)A where £(S) = {v: § — R, | vis finitely supported }

c:S— (%S X R.o)* X O ¢ B = (B(Byps) X Ry ) X O
83/90
02 o | o3
/ \ = -:\3- (18& SS’J)
as( \5\ &l& \53 M-//b.% \)\,5 \
LOL ‘ Dt A3 NS
oA {,/ Y, oA \17 ga \

It preserves the maximal total weight of terminating paths
under observation-based schedulers.
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Coalgebraic Belief Construction

= coalgebraic determinization
+ decomposition by observations



Coalgebraic belief construction

Belief Construction for POMDPs

POMDP belief MDP
S—> (DSXR,)IX0 ™ DS (DSXR, )

Construction of a transition of the belief MDP:

LePS aeA . béeDS

wih 2 b5 SBa.s)

GREEE CIT

(p"'t‘\ rew{S: A)

1. Lift transitions
to the level of beliefs
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Coalgebraic belief construction

Belief Construction for POMDPs

POMDP belief MDP
S>> (DSXR,)'x0 ™ DS - (DS X R,

Construction of a transition of the belief MDP:

oepn 'c 1. Lift transitions
HEOS h 3 b ?@a.s?) be oy to the level of beliefs
W 5 - ¥ (5.

S s

X X
Wﬂ
?(5«0.-9') S'I
withe rewf64) 5%
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Coalgebraic belief construction

Belief Construction for POMDPs

POMDP belief MDP
S—> (DSXR,)IX0 ™ DS (DSXR, )

Construction of a transition of the belief MDP:

1. Lift transitions
0.e
b € DN molfo 5 to the level of beliefs

with 2 b5 §6as) Pecs'| ba)
S 3‘ Blolba)
2. Split and

S(5.0.5") condition by observations
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Coalgebraic belief construction

Belief Construction for POMDPs

POMDP belief MDP
S=> (DSXR,)'X0 7 DS > (PSR,

Partially Observable Coalgebra § — FTS X O
for afunctor F,amonad I'eg. F = (- xR )4, T = 9)

Construction of a transition of the belief MDP:

1. Lift transitions
0.e
b€ DR %lfﬂ 5 to the level of beliefs

. \ — Coalgebraic determinization
S vith 2 bs-§6a.5) S %:‘_((:g [ b.0) [Silva et al., LMCS’13]
% 0\.5.&7 .
2. Split and

condition by observations
with enl54) — Decomposition by observations

Observation-consistent
belief
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Coalgebraic belief construction

Lifting a Monad to the Slice Category

amonad7: C — C(C

states S — beliefs TS \ Lift along

“}d: C/0 - C

amonadT: C/O — C/O B
S % 0) > (B, 1O Tobs),

— 0) obs .
_]
states observation-consistent no
with observations beliefs .
~  T(obs)
\

eg. T :=9: Set — Set, s > 10
B,.=1{be 2S|30€ 0. supp(b) C obs~!(0)},
T(obs)(b) = the unique o s.t. supp(b) C obs™!(0)

obs
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Coalgebraic belief construction

Belief Decomposition

Def. A belief decomposition is a natural trans. a: 7d = TdT
st.flate a = idwhere {flat, : T(B) = T°X 55 TX} .y

Ay - 1S — T(B,,,) splits beliefs b € TS by observations.

bd@Q
eg. 1 .= D T (ho) € Bobs - fg(},o)(sﬁ

z*)s RS 960{75(0)

(5D
ce S ‘// Sed'(0)
X (XQS /??%%E%%i;) {_0 Otherwise
7=

be DS Ups(D) € D(By,)
N
ghtch%m&b7/”
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Coalgebraic Belief Construction

Def.Let A: TF = FT be adistributive law,

a: Td = TdT be abelief decomposition. Bolﬁm 0
0,0b Lobs no
Givenc: S (6.0 SZ FTS X O, TJS T(obs) TJO
Bel . Lobs Det/l(c) F (aobs)
c’% = \BMS\ > ET§ — FT(@)bS)
S:OV%Q‘Y. Coq(geb\m‘lc &CCW"\\)OS {own

e Bs. ndex  derermini2otion by obServactions.

It gives a functor

pointed PO coalgebra Bel pointed PO coalgebra
: b Bel 7
14 52 presc o — 5B, T prg Y% 0
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Conclusions

Coalgebraic belief construction

A generic, semantics-preserving belief construction

For a PO coalgebrac: S — FTS X O,

Det F
oBel .— ( B, lo—bi TS\ et)(c) ET§ (Agps) T ()bs)>
go\-gn Coal geb\m‘lc oeecom\)os {hon

‘ﬂr\e »S. '(V\h\( oQﬁQ\rW\‘lV“"iO\T‘\"“ ‘77 O\ﬁewo\‘t'\ons.

Instances for: POMDPs, PO nondet. systems, PO weighted systems

Ongoing work: Generalise the correctness thm using coalgebraic trace
semantics and effectful schedulers
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