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Overview

A cyclic proof system for HFLy (Higher-order logic
with fixed-points and N [Kobayashi+ ESOP18))

e Convenient for semi-automated verification
of higher-order programs



What is a Cyclic Proof?

* Finite derivation tree with back edges (pre-proof)
+ soundness condition (global trace condition)
[Sprenger&Dam FoSSaCS03; Brotherston&Simpson [JLP11]
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* Convenient for automated proof search
[Brotherston+ CADE11; Brotherston+ APLAS12]



Contributions

First cyclic proof system for a higher-order logic

* Definition of the global trace condition
(soundness criterion for cyclic proofs)

e Soundness
* Decidability of the global trace condition

 Completeness of an infinitary variant
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HFL\ syntax

e Type A::=N|T T:=Q|A->T

e Term s,t:i=x | Z | St

e Formula
oW i=x|s"=tN|oVy|leAy] )
Xt plowlet|ux @l g

least fixed-point Ygreatest fixed-poin
of Ax. @ of Ax .



Examples of HFLy formulas

(,uYN_’Q AxN. oV Y(Sx)Z
= @|Z/x]V (uY . Ax.p V Y (Sx))SZ
= ... = @[Z/x]V @[SZ/x]V - = IxN . ¢

Likewise, T , 1L ,V,d, # can be represented by

T=uwx.x, L =ux®.x,

VaN. o = @WYN"2 . N .0 A Y (Sx)) Z, etc.

‘Syntax)
e ype A::=N|T T::=Q|A->T
e« Term s,t i=x|Z | St
 Formula
gy i=x|sS=NoVylory
[ ooyl otlux" @l ¢




HFLy semantics

- = (Nv ;N)v ﬂﬂﬂ - = ({ T7J—}7 ;Q)
| :={f:[A] = [T] | f is monotone}, C 4_ 1)

complete lattice

where t Cny y & =1y

rlLoyssr=lLory=1

fEast g Vo € [A].f(z) Er g(x).

* Formulas |[7'[ = : A]] . HH]] — ﬂAﬂ (H.: type environment)

[HF pzt o T

[HFvxl.p:T]

fp([H - Xxl.po: T — T](p))
gfp([H F Az’ .o : T — T](p))



Outline

 Background: HFLy syntax & semantics

» Definition of our cyclic proof system

- Example of cyclic proofs (from program verif.)
 Some properties

- Soundness

- Decidability of g.t.c.

- Completeness of the infinitary system

e Related work

e Conclusion & Future work

10



Cyclic Proof
+ global trace condition

soundness condition

Nx'+ P(x',2Z,x")
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x=2F P(x,Z,x) =1
(x =2)V (Ix'.x =Sx’ A Nx") - P(x,Z, x) :
Nx - P(x,Z, x) S o AU

finite derivation tree
+ back-edges

(LR)
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Pre-proof

Finite derivation tree
leaves: axioms or nodes with back-edges

Nx'+ P(x',Z, x")

z-zrz-2 g " Nx' - P(Sx’,Z,Sx) (“'(:” |
IUl — / / —
- P(Z,Z,Z) (= L) x =8x',Nx'+ P(x,2Z, x) AL ALY

x=2F P(x,Z,x)
(x=2)V (Ix".x =Sx" A Nx") - P(x,2Z, x) :
NXF P(X,Z,X)  dorrreeeeeeeeens B e

= a derivation tree
which can be infinite but regular
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Deduction rules

Rules of LK (including the cut rule) plus...

T, ploz.p/z]d - A T - plox.p/T) P, A

—

o| T, (ocz.p)F A ' (ox.p), A

(0R)

where o0 = U, v

T, gy, A
,wTy X Y . JNFV(T,¢,x,A) =0, (Mono)
o | Iolv/a” | olx/a" |, A
[N 2N A I's=tF A
T e N =7 PY Tei—sira (P

where N = uX . Ax. (x=2Z) Vv (Ax".x = Sx" A X x')
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Cyclic Proof
ore-proof +(global trace Gondition)

---------------------------------------------------

Nx'+ P(x',2Z,x")

z-zrz-2 (g~ " Nx' - P(Sx',Z, Sx') (“’(?) |
M —
- P(Z,2,Z —Sx' Nx'F P(x.Z
( g ey ) (= L) X SX7 X (X, ,X) AL /\[_)

x=2ZF P(x,Z,x)
(x =2Z)V (Ix'.x = Sx' A Nx') - P(x,Z, x) E
NXE P(X,Z,X)  dteeeememmmmooen horheeeeeeseessssssssssseee
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Global trace condition

Def. Global trace condition:

For all infinite paths in the pre-proof,

there exists some left u or right v
which is unfolded infinitely.

| |
Fvz.(zV L) - px.(xV L)
Frvz.(xV L), L (Wh) Fpx.(zV L), L (Wk)
(VR) VR)
- (vz.(xV L)) VL (VR) F (px.(zV L)V L R)
Frvz.(rV 1) < Fux.(xV L) <

satisfies the g.t.c. does not satisfy the g.t.c.
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Comparison to other g.t.c.

* [Brotherston&Simpson [JLP11]:
track u, v by tracking formulas

 [Doumane 17]:

track u, v by tracking formulas with priorities
derived from subformula ordering

» Qurs: track u, v by tracking precise u, v.

| |
sh7cl TR - Ve dp
- Oy (Ve Op) - Oy (Ve Op)
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Example of HFLy formula

Is f called infinitely??
Higher-order program

let rec g n = if n=0 then () and g (n-1) in
letrecthm=hm;fh(m+1)infg0

l [Kobayashi+ ESOP18]

HF Ly formula

(vF.2h.dm . hmAFh(m+1))(uG.In.(n=0Vm#0AG (n—1)))) 0
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Example of HFLy formula

Is f called infinitely??
Higher-order program

let rec g n =if n=0 then () and g (n-1) in
let rec infgoO

l [Kobayashi+ ESOP18]

HF Ly formula

(UG .an.(n=0Vv (I #0AG (n—1))))0
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Example of cyclic proof

Nn'=Sn"#0 n’.l—gnyn’

—0=0 = ;Snl_# OQWGn )
— n n :
(L) e L)

n=0Fy;n Nn,n=Sn"kFy;n
(,ul_ : |
T T — - ' pygn

=y n I—go_Fl//GSn
= wen A @pweSn

(AR)

(Nat) (Subst)

— . (VR)
PrVG " Sioe
Yrys0

where N=uX.Ax.(x=2Z)Vv (Ix".x =Sx" A X x')
pp=UvF . Ah.im.hmAFh(m+1)
Yo =G .an.(n=0vVn#0AGHm-1))
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Soundness

Thm. If I" = A is provable then 1 E A.



Decidability of global trace condition

Thm. “Does a pre-proof satisfy g.t.c.?” is decidable.

Proof. reduction to inclusion problem of Buchi automata
(cf. [Dax+ FSTTCSO06], [Brotherston&Simpson IJLP11])

e Construct:

 Blichi automaton &
that accepts all infinite paths

 Blchi automaton &/
that accepts paths satistying g.t.c. by
nondeterministically tracking left mu or right nu

e Decide £(X%) C L (A).
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Incompleteness of cyclic proof system

Prop. Our cyclic proof system is incomplete.

Proof.

* Cyclic proofs are computably enumerable

 But valid sequents of HFLy are not.
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Completeness of the infinitary system

Infinitary proof: infinite tree + g.t.c.
* Ordinary proof: finite tree

* Cyclic proof: regular infinite tree + g.t.c.

Thm. T F A : all types of free vars are N or N —» Q.

IfI"F Athenl F A is (cut-free) provable in
infinitary system.

* This type restriction is enough for program verif.

e This is an extension of a theorem
in [Tsukada LICS20]
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Related work

* Cyclic proofs for mu-calculus with ordinals
[Sprenger&Dam, FoSSaCSO03]

- Ordinal annotations should be checked

» Cyclic proofs for first-order logic with inductive def.
[Brotherston&Simpson, IJLP11]

- Include restricted alternation of fixed-points

* Cyclic proofs for linear-time mu-calculus
[Doumane, 17]

- Include alternation of fixed-points
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Conclusion & Future work

* Proposed a cyclic proof system for HFLy.

* Proved soundness, decidabillity of g.t.c.,
and certain completeness for infinitary system.

Future work
* develop a semi-automated tool
* prove Henkin completeness

e (dis)prove cut elimination
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