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A cyclic proof system for  (Higher-order logic 
with fixed-points and  [Kobayashi+ ESOP18])


• Convenient for semi-automated verification  
of higher-order programs

HFLℕ
ℕ

Overview

2



• Finite derivation tree with back edges (pre-proof) 
+ soundness condition (global trace condition) 
[Sprenger&Dam FoSSaCS03; Brotherston&Simpson IJLP11] 
 
 
 

　　　　


• Convenient for automated proof search  
[Brotherston+ CADE11; Brotherston+ APLAS12]

What is a Cyclic Proof?
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First cyclic proof system for a higher-order logic


• Definition of the global trace condition 
(soundness criterion for cyclic proofs)


• Soundness


• Decidability of the global trace condition


• Completeness of an infinitary variant

Contributions
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• Background:  syntax & semantics


• Definition of our cyclic proof system

- Example of cyclic proofs (from program verif.)


• Some properties

- Soundness

- Decidability of g.t.c.

- Completeness of the infinitary system


• Related work

• Conclusion & Future work

HFLℕ

Outline
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• Type      


• Term  


• Formula 
   
                


A ::= N ∣ T T ::= Ω ∣ A → T

s, t ::= x ∣ Z ∣ St

φ, ψ ::= x ∣ sN = tN ∣ φ ∨ ψ ∣ φ ∧ ψ ∣
λxA . φ ∣ φ ψ ∣ φ t ∣ μxT . φ ∣ νxT . φ

 syntaxHFLℕ
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for propositions

least fixed-point 
 of λx . φ

greatest fixed-point 
 of λx . φ



 



Likewise,  can be represented by  
   ,  
    , etc.


(μYN→Ω . λxN . φ ∨ Y (Sx)) Z
≡ φ[Z/x] ∨ (μY . λx . φ ∨ Y (Sx)) SZ
≡ ⋯ ≡ φ[Z/x] ∨ φ[SZ/x] ∨ ⋯ ≡ ∃xN . φ

⊤ , ⊥ , ∀, ∃, ≠
⊤ ≡ νxΩ . x, ⊥ ≡ μxΩ . x
∀xN . φ ≡ (νYN→Ω . λxN . φ ∧ Y (Sx)) Z

Examples of  formulasHFLℕ
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Syntax
• Type      


• Term  


• Formula 
                 

A ::= N ∣ T T ::= Ω ∣ A → T

s, t ::= x ∣ Z ∣ St

φ, ψ ::= x ∣ sN = tN ∣ φ ∨ ψ ∣ φ ∧ ψ
∣ λxA . φ ∣ φ ψ ∣ φ t ∣ μxT . φ ∣ νxT . φ



• Type 


• Formulas 

 semanticsHFLℕ
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<latexit sha1_base64="rvTvUahT88MGVE/gnXlUdPCh3QM="></latexit>

JNK := (N,vN), J⌦K := ({>,? },v⌦)

JA ! T K := ({f : JAK ! JT K | f is monotone},vA!T )

where x vN y :, x = y

x v⌦ y :, x = ? or y = >
f vA!T g :, 8x 2 JAK.f(x) vT g(x).

<latexit sha1_base64="v6jMPU8KiSS7afnvx3//pTb9VlU="></latexit>

JH ` µxT .' : T K(⇢) = lfp(JH ` �xT .' : T ! T K(⇢))
JH ` ⌫xT .' : T K(⇢) = gfp(JH ` �xT .' : T ! T K(⇢))

complete lattice

<latexit sha1_base64="d+jQVPzdPWjN0Q1qMx6ZzoenuA0="></latexit>

JH ` ' : AK : JHK ! JAK ( : type environment)
<latexit sha1_base64="FTuOIUQOxsPxDMGrRqkIE1ssrYs=">AAACIXicbVDLSsNAFL2pr1pfrS7dBIvgqiSi6LKgiy4r2Ae0oUwmk3boZCbMTIQQ8hludeHXuBN34s84abOw1QMDh3Pu5Z45fsyo0o7zZVU2Nre2d6q7tb39g8OjeuO4r0QiMelhwYQc+kgRRjnpaaoZGcaSoMhnZODP7wp/8ESkooI/6jQmXoSmnIYUI22k0ThCeoYRyzr5pN50Ws4C9l/ilqQJJbqThgXjQOAkIlxjhpQauU6svQxJTTEjeW2cKBIjPEdTMjKUo4goL1tkzu1zowR2KKR5XNsL9fdGhiKl0sg3k0VGte4V4n/eKNHhrZdRHieacLw8FCbM1sIuCrADKgnWLDUEYUlNVhvPkERYm5pWrigdIZnKYOUnmZ8oFUshQpXXTGfuekN/Sf+y5V63nIerZvu+bK8Kp3AGF+DCDbShA13oAQYBz/ACr9ab9W59WJ/L0YpV7pzACqzvH4ccpDk=</latexit>
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pre-proof + global trace condition

Cyclic Proof
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finite derivation tree  
+ back-edges

soundness condition



Finite derivation tree 
  leaves: axioms or nodes with back-edges


= a derivation tree 
   which can be infinite but regular

Pre-proof

12



Rules of LK (including the cut rule) plus…


• 


• 


• 


• 


<latexit sha1_base64="muLIbUL51Ie6db8Lq16jMLOBYfY="></latexit>

�,'[�x.'/x] ~ ` �
(�L)

�, (�x.') ~ ` �

� ` '[�x.'/x] ~ ,�
(�R)

� ` (�x.') ~ ,�
<latexit sha1_base64="Fim9rX/bSGMkAUYEycnY+70JaPQ="></latexit>

� ` � (Subst)
�['/x] ` �['/x]

<latexit sha1_base64="ETpEKVmcZVmRpXtbiq80P3usQc0="></latexit>

�, ~y ` �~y,�
~y \ FV (�, ,�,�) = ;, (Mono)

�,'[ /xT ] ` '[�/xT ],�
<latexit sha1_base64="6JxquX2dEGv886t5S1rLKAevL3s="></latexit>

�, N xN ` �
(Nat)

� ` �
(P1)

Ss = Z `
�, s = t ` �

(P2)
�,Ss = St ` �

Deduction rules
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where N ≡ μX . λx . (x = Z) ∨ (∃x′￼. x = Sx′￼∧ X x′￼)

where σ ≡ μ, ν



pre-proof + global trace condition

Cyclic Proof
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Def. Global trace condition:


For all infinite paths in the pre-proof, 
there exists some left  or right   
which is unfolded infinitely.

μ ν

Global trace condition
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<latexit sha1_base64="SqvMzRN2+wiYM3u4EIo+Y3aMpoM="></latexit>

` ⌫x.(x _ ?)
(Wk)

` ⌫x.(x _ ?),?
(_R)

` (⌫x.(x _ ?)) _ ?
(⌫R)

` ⌫x.(x _ ?)

<latexit sha1_base64="RCEpllblxRg4UKMvOWEC6Apm38Q="></latexit>

` µx.(x _ ?)
(Wk)

` µx.(x _ ?),?
(_R)

` (µx.(x _ ?)) _ ?
(µR)

` µx.(x _ ?)

satisfies the g.t.c. does not satisfy the g.t.c.



• [Brotherston&Simpson IJLP11]: 
track  by tracking formulas


• [Doumane 17]: 
track  by tracking formulas with priorities 
derived from subformula ordering


• Ours: track  by tracking precise .

μ, ν

μ, ν

μ, ν μ, ν

Comparison to other g.t.c.
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where  
 ΦF = (μF . λa . a)

ΨG = (νG . λF . FGΦF ∧ FGF)

<latexit sha1_base64="92oYpgOTZiDJtlr6pR2Z8DO2TlM="></latexit>

`  G �F (µR)
` �F ( G �F )

`  G �F (µR)
` �F ( G �F )

(^R)
` �F ( G �F ) ^ �F ( G �F )

(⌫R)
` (⌫G.�F.FG�F ^ FGF )�F
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Higher-order program 


                                      


Example of  formulaHFLℕ
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 formula                   
HFLℕ

(νF . λh . λm . h m ∧ F h (m + 1))(μG . λn . (n = 0 ∨ (n ≠ 0 ∧ G (n − 1)))) 0

Is f called infinitely?

↓ [Kobayashi+ ESOP18]

let rec g n = if n=0 then () and g (n-1) in 

let rec f h m = h m; f h (m+1) in f g 0



Higher-order program 


                                      


Example of  formulaHFLℕ
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 formula                   
HFLℕ

(νF . λh . λm . h m ∧ F h (m + 1))(μG . λn . (n = 0 ∨ (n ≠ 0 ∧ G (n − 1))))0

Is f called infinitely?

↓ [Kobayashi+ ESOP18]

let rec g n = if n=0 then () and g (n-1) in 

let rec f h m = h m; f h (m+1) in f g 0



                                    

                                  

                           

              

                                                               

                                                                     

                                          

                                                 

                                                 

N n′￼⊢ Sn′￼ ≠ 0 N n′￼⊢ ψG n′￼

N n′￼⊢ Sn′￼ ≠ 0 ∧ ψG n′￼

⊢ 0 = 0 N n′￼⊢ ψG Sn′￼

n = 0 ⊢ ψG n N n′￼, n = Sn′￼⊢ ψG n
N n ⊢ ψG n ⊢ φF ψG n

⊢ ψG n ⊢ φF ψG Sn
⊢ ψG n ∧ φF ψG Sn

⊢ φF ψG n
⊢ φF ψG 0

Example of cyclic proof

where   
           

           

N ≡ μX . λx . (x = Z) ∨ (∃x′￼. x = Sx′￼∧ X x′￼)
φF ≡ νF . λh . λm . h m ∧ F h (m + 1)
ψG ≡ μG . λn . (n = 0 ∨ (n ≠ 0 ∧ G (n − 1)))

(Subst)

( R)ν

( R)∧

(Nat) (Subst)

( L)μ

(=L)

( R)μ

( R)∧

(=L)

( R)=
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Thm. If  is provable then .
Γ ⊢ Δ Γ ⊧ Δ

Soundness
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Thm. “Does a pre-proof satisfy g.t.c.?” is decidable.


Proof. reduction to inclusion problem of Büchi automata  
(cf. [Dax+ FSTTCS06], [Brotherston&Simpson IJLP11])


• Construct:


• Büchi automaton   
that accepts all infinite paths


• Büchi automaton   
that accepts paths satisfying g.t.c. by 
nondeterministically tracking left mu or right nu


• Decide .

ℬ

𝒜

ℒ(ℬ) ⊆ ℒ(𝒜)

Decidability of global trace condition
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Prop. Our cyclic proof system is incomplete. 

Proof. 

• Cyclic proofs are computably enumerable


• But valid sequents of  are not.
HFLℕ

Incompleteness of cyclic proof system
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Infinitary proof:  infinite tree + g.t.c.


• Ordinary proof: finite tree


• Cyclic proof: regular infinite tree + g.t.c.


Thm.  : all types of free vars are  or .


If  then  is (cut-free) provable in  
infinitary system.


• This type restriction is enough for program verif.


• This is an extension of a theorem  
in [Tsukada LICS20]

Γ ⊢ Δ N Nk → Ω

Γ ⊧ Δ Γ ⊢ Δ

Completeness of the infinitary system
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• Cyclic proofs for mu-calculus with ordinals 
[Sprenger&Dam, FoSSaCS03]


- Ordinal annotations should be checked


• Cyclic proofs for first-order logic with inductive def. 
[Brotherston&Simpson, IJLP11]


- Include restricted alternation of fixed-points


• Cyclic proofs for linear-time mu-calculus 
[Doumane, 17]


- Include alternation of fixed-points

Related work
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• Proposed a cyclic proof system for .


• Proved soundness, decidability of g.t.c., 
and certain completeness for infinitary system.


Future work


• develop a semi-automated tool


• prove Henkin completeness


• (dis)prove cut elimination

HFLℕ

Conclusion & Future work
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